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Abstract. In this paper, we obtain sharp results for coefficient inequality, closure theorem and other related
results with respect to symmetric for the classes Si(a, 3,€,7v) and Cr(a,5,&,7v) and shall be denoted by

S;’T(a767§77) and CgT(a7Ba§>’y>-

Key Words and Phrases. Analytic functions; Negative coefficient; Starlike functions; Convex functions;
Symmetric Points.

2010 Mathematics Subject Classifications. 30C45.

1 Introduction and Definitions

Let A denote the class of functions f(z) normalized by
f(z) :z—i—Zakzk, (1.1)
k=2
which are analytic in the open unit disk
U={z:2€C and |z]<1}.

We denote by S*(a) and C(«) the subclasses of A consisting of all function which are starlike and convex
of order a (0 < o < 1), respectively, in U, that is

f'(z)
f(2)

S*(a)z{féS;Re(z >>a;0§a<1,zEU}

and

f"(2)
(2)

f/
We say that the function f(z) is in the class S(«, 5,&,) if and only if

C(a):{féS;Re<1+z >>a;0<a<1,z€U}.

I

—

2 (Zf'(z) —a) - (Zf'(z) _ 1)
) T
for |2/ <1where0<fB<1; $<¢6<1;0<a<i; L<y<L

A function f is said to belong to the class C(«, 8,€,7) if and only if zf’ € S*(«, 5,&,7) .
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Many researchers have introduced and investigated several subclasses of analytic function class A (see, for
example [6], [7] and [11]). Various subclasses of A were introduced and some geometric properties of these
subclasses were investigated in several studies (see [3], [5] and [12]).

Let T denote the subclass of S consisting of functions of the form

z)=1z— Z anz", (an > 0). (1.2)

We denote by Si(a, 8,€,7) and Cr(a, B,€,7) the classes obtained by taking intersection, respectively, of
the classes S(a, §,€,7) and C(a, 8,€,7), that is

S’}:(avﬁag,’y) = S*(aaﬁa&’ﬂ NT and CT(O{767£’7) = C(aaﬂ7€a'y) nT

These functions are called starlike with respect to symmetric points and were introduced by Shagsi and Darus
[1], [2], Ghanim and Darus [8], Sakaguchi [9] and Sudharsan et al. [13]. Recently, El-Ashwah and Thomas [4]
have introduced two function classes, namely the class of functions starlike with respect to conjugate points and
the class of functions starlike with respect to symmetric conjugate points.

In this paper, we obtain sharp results for coefficient inequality, closure theorem and other related results
with respect to symmetric for the classes S7.(c, 8,&,v) and Cr(a, 5,&,~) and shall be denoted by Sé,(c, 5,&,7)

and C;'T(a7 67 §7 /Y)

We say that the function f is in the class S (o, 8,&, ) if and only if

re
FioEicok

2§(m a) 7(% 1)

Next, we find the coefficient inequality for the class Sir(a, 5,€,7).

< B. (1.3)

2 Coefficient inequalities

Theorem 2.1 function f € T given by (1.2) is in the class Stp (e, 8,€,7) if and only if;
Z [(n—2) — B(yn — 2y + 4o — 2nf)] [an] < 4BE(1 — ).
n=2

Proof. Suppose,

WK

[(n —2) = B(yn — 2y + 46a — 2n¢)] [an] < 4B(1 — o).

3
||
o

From (1.3) we have

21'(2) = (F(2) = F(=2))] =

BI26 (2f'(2) = a(f(2) = f(=2))) =7 (2f'(2) = (f(z) = f(=2)))| < 0.

Given that
> (n=2)aql| -
n=2
Bl4¢(1 —a)+Z(7n—2’y+4§a—2n§) <0
n=2
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for |z| = r < 1; then the condition (2.1) is bounded above by

D> (n=2)fan|r" —4BE(1 — ) = B (yn — 2y + 4€a — 2nE) |an | r"
n=2 n=2

= {(n—2) = B(yn — 2y +4éa — 2n&)} |an|r" — 45¢(1 - a)

<> {(n—2) = Blyn — 2y + 46a — 2n8)} |an| — 4BE(1 — @) <0
n=2

Therefore f(z) € Sir(a, B,€,7).

Now we prove the converse.

Let

O
oo,

2 (st — o) = (st - )

io: (n—2)ayz"
0707,:2 < B
41— a)+ > (yn— 2y + 4€a — 2n&)ay 2"

n=2

as |Re(z)| < |z| for all z, we have
> (n—2)ayz"
2

Re —
41— a) + 3 (n — 29 +4€a — 2n)a ="
n=2

We choose the values of z on real axis such that % is real and upon clearing the denominator of above

expression and letting z — 1 through real values we obtain

> " {(n—2) — B(yn — 2y + 46a — 2n€)} |a,| < 48E(1 — ).

Corollary 2.2 If f € S (o, B,&,7), then

Equality holds for

o 465(1 — Oé) n
N =2 = =9 = Blm — 27 + dba—208)}
Corollary 2.3 If f(z) € Sip(a, 8,6, 1), we get
451 — a)
{(n—=2)—p(n—2+4¢a —2n&)}

lan| < for n=23,....

Equality holds for;

4p¢(1 — a) n

R (R R T R T T
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Corollary 2.4 If f(z) € Str(a, 8,1,1), we get

FEquality holds for;

L 48(1 — «) n
f&) = = = flia—n—2)} "

Corollary 2.5 f(z) € S&p(«) if and only if

Z [(n —2a) ap|z" < (1 — ).

n=2
Theorem 2.6 A function f given by (1.2) is in Csr(a, 8,€,7) if and only if

o

> nl(n—2) = B(yn — 2y + 4€a — 2n8)] |an| < 4BE(1 — a)

n=2

Proof. The proof of this theorem is analogous to that of Theorem 1 because a function f(z) € Csr(a, 5,€,7)
if and only if zf" € S§p(a, B,€,7) so it is enough that a,, in the Theorem 1 replace with na,. ®

Corollary 2.7 If f(z) € Csr(e, 8,€,7), then

4pE(1 — a)

for n=23,....

Equality holds for;

48¢(1 - ) -
n{(n—2) — B(yn — 2y + 46— 2n8)} "

Corollary 2.8 If f(2) € Csr(a, 8,€,1), we get

fe) =~

46¢(1 — a)
n{(n —2) — B(n— 2+ 4éa — 2n¢)}

lan| < for n=2/3,... .

FEquality holds for

466(1 - Oé) Zn
n{(n—2)— B(n—2+4€a—2n€)}

Corollary 2.9 If f(z) € Csr(o, 8,1,1), we get

f(z) =z -

=5 — 46(1 — CY) g
f&) = =9~ o —n =)

FEquality holds for
f(Z) - 4ﬁ(1—0¢) n

n{(n—2)— Blda—n—2)}"

Corollary 2.10 If f(z) € Csr(a) that is starlike with respect to symmetric point of order « if and only if

Z [n(n —2a) ay|z" < (1 — «).

n=2
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3 Closure Theorem

Theorem 3.1 Let fi1(z) = z and

4PE(1 — @) " for n=23,4,.. .

I = 2~ Bl - 2y + e 20
Then f(z) € Csr(a, 8,€,7) if and only if f(z) can be expressed in the forms,
— Z Anfn(2) where \,, >0  and Z)\n =1.

n=2

Proof. Suppose,

z)=2z— Z)\nfn(z)

L 4B€(1 - o) .
— 2 [(n—2) — B(n — 2y +4€a — 2n8)]
Then
= MdBE( — @)
nZQ n—2’y+4§o¢—2n£)]

[(n —2) = B(n — 27 + 46 — 2nf)]
4B(1 — a)

:i)\nzl—)\lgl.
n=2

Therefore f(2) € Cr(a, 8,€,7)
Conversely, suppose f(z) € Csr(a, 8,&,v) then remark of Theorem 2.1 gives us

4BE(1 — o) -
lan| < (" —2) = B(yn — 27 + 4€a — 2n0)} for n=2,3,... .

(n—2)—6(n7—2w+4§a—2n§)]

|an| .

Ap =
466 (1 - a)
and
A=1-> .
n=2
Then
n=2
| |
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Corollary 3.2 If fi(z) =z and

_ 46§(1—O¢) n _
fa(z) =2— [(an)fB(anJrélfannf)]Z for n=23/4,...

Then f(z) € Csr(a, 8,€,1) if and only if f(z) can be expressed in the form

f(z) :fl(z)—i)\nfn(z) where A\, >0 n=12 ..
n=2

n=2

Corollary 3.3 If fi(z) = z and

B 48(1 — «) n B
fulz) =2— [(n—2)—6(n—2+4a—2n)]z for n=234,...

Then f(z) € Csr(a, B) if and only if f(2) can be expressed in the form

f(z) :fl(z)—i)\nfn(z) where A\, >0 n=12,..
n=2
d =1
n=2

If fi(z) =z and

Then f(z) € Csr(0,1,1,1) if and only if ,f(z) can be expressed in the form

f(Z)Zfl(Z)—i)\nfn(z) where A, >0 n=1,2, ..
n=2
n=2
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